The recently emerged idea of enriching standard ÿnite element interpolations by strain or displacement discontinuities has triggered the development of powerful techniques that allow e cient modelling of regions with highly localized strains, e.g. of fracture zones in concrete, or shear bands in metals or soils. The present paper describes a triangular element with an embedded displacement discontinuity that represents a crack. The constitutive model is formulated within the framework of damage theory, with crack closure e ects and friction on the crack faces taken into account. Numerical aspects of the implementation are discussed. In a companion paper, the embedded crack approach is combined with the more traditional smeared crack approach.
INTRODUCTION
Traditional smeared-crack models for concrete fracture su er by stress locking, i.e. by spurious stress transfer across a widely open crack. For ÿxed crack models with a non-zero shear retention factor, locking is mainly due to shear stresses generated by a rotation of the principal strain axes after the crack initiation. However, locking is observed even for rotating crack models, which keep the principal axes of strain and stress aligned so that stresses tangential to the crack cannot arise. The source of this undesirable phenomenon was analysed in Reference [1] . It was shown that the spurious stress transfer is caused by a poor kinematic representation of the discontinuous displacement ÿeld around a macroscopic crack. Unless the direction of the macroscopic crack (represented by a band of cracking elements) happens to be parallel to element sides, the directions of maximum principal strain determined from the ÿnite element interpolation at individual Gauss points deviate from the normal to the crack band. The lateral principal stress has a non-zero projection on the crack-band normal, which generates spurious cohesive forces acting across the M. JIR Ã ASEK AND T. ZIMMERMANN macroscopic crack even at very late stages of the cracking process when the crack should be completely stress free. Stress locking can be eliminated by improving the kinematic representation of highly localized fracture. Here we focus on techniques that insert a discontinuity (of strains or displacements) into the interior of a ÿnite element. Such methods can be found in the literature under various names [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] but they share some common features. Their systematic classiÿcation and critical evaluation within a uniÿed framework is presented in Reference [12] , with the conclusion that there exist three di erent approaches, which can be called statically optimal symmetric (SOS), kinematically optimal symmetric (KOS), and statically and kinematically optimal non-symmetric (SKON). The SOS formulation works with a natural stress continuity condition, but it does not properly re ect the kinematics of a completely open crack. On the other hand, the KOS formulation describes the kinematic aspects satisfactorily, but it leads to an awkward relationship between the stress in the bulk of the element and the tractions across the discontinuity line. These ÿndings justify the development of the non-symmetric SKON formulation, which combines the strong points of each of the symmetric formulations and leads to an improved numerical performance. The SKON formulation deals with a very natural stress continuity condition and is capable of properly representing complete separation at late stages of the fracturing process, without any locking e ects (spurious stress transfer).
The present paper complements the theoretical investigations presented in Reference [12] by a practical implementation of a speciÿc model with a strong (displacement) discontinuity embedded in a constant-strain triangular element. The constitutive description of a damaging interface is developed in Section 2. Section 3 gives a brief review of the SKON formulation. Numerical aspects of the implementation are discussed in Section 4. Examples of fracture simulations and extensions of the model are presented in the companion paper.
CONSTITUTIVE EQUATIONS

Damage-based traction-separation law
The choice of an appropriate constitutive model suitable for implementation in an element with an embedded discontinuity is a ected by the type of the discontinuity. For models incorporating weak (strain) discontinuities it is su cient to postulate a continuum stress-strain law, while models with strong discontinuities require, in addition to a stress-strain law for the bulk material, also a traction-separation law governing the behavior of the discontinuity (crack or plastic slip surface). In the present study we will focus on the latter case. It is, therefore, necessary to postulate a law that links the traction transmitted by the discontinuity to the displacement jump. As the intended area of application is concrete cracking, a natural choice is a model based on the damage theory. Such models can be conveniently derived by the thermodynamic approach, starting from an expression for the density of Helmholtz free energy. For example, for the isotropic continuum damage model with a single scalar damage parameter, the free energy density per unit volume is given by
where U is the strain tensor, D e is the elastic sti ness tensor, and ! is the damage parameter growing from zero (virgin material) to one (complete loss of integrity). Note that, for simplicity, we neglect the e ect of temperature, tacitly assuming that the process is (at least approximately)
isothermal. Strictly speaking, the potential (1) describes only the energy stored in the elastic deformation of the bulk material between microdefects such as cracks or voids. The complete expression for free energy should also include a term corresponding to the surface energy of the microdefects. However, the presence of this term would be important only in coupled thermomechanical problems with a substantial contribution of the mechanical dissipation to the energy balance equation. For the present purpose (a purely mechanical problem), the surface energy term can be omitted. When constructing a traction-separation law, we have to start from an expression for free energy per unit area. The strain tensor U is replaced by a vector e characterizing the displacement jump (separation). However, such vector describes only the inelastic part of deformation (it is identically zero before the onset of cracking), and so it is not appropriate to keep the same form of the free-energy function as for the continuum, in which the strain tensor corresponds to the sum of the elastic and inelastic deformation. Before a crack is initiated, it does not contribute to the deformation, and its 'initial' sti ness has to be considered as inÿnite. Consequently, the ÿnite crack sti ness after crack initiation cannot be expressed as a scalar multiple of the initial one. Of course, it would be possible to introduce some ÿctitious very high initial sti ness but such an approach is not very elegant and may lead to numerical problems. If the crack trajectory is not known in advance, one would have to place such potential cracks at many di erent locations and with many di erent orientations, in order to allow the propagation of the actual crack along an arbitrary path. A much more natural description of the degradation process is obtained if one postulates the surface density of free energy,
as a function of the separation vector, e, and a new internal variable, , which is called the compliance parameter and varies from zero to inÿnity. In the continuum model deÿned by Equation (1), the compliance parameter would correspond to !=(1 − !). SymbolD in Equation (2) denotes a second-order tensor describing the sti ness of the discontinuity (crack) at an intermediate reference state when = 1. This state sets the scale for and its choice does not a ect the response of the model (in the sense that after proper rescaling of the compliance parameter the same response is obtained with any choice of the reference state). For any possible process, the model must satisfy the dissipation inequality
where D is the dissipation rate (per unit area), and t is the traction transmitted by the crack. In the absence of dissipative (viscous) stresses, standard thermodynamic arguments [13; 14] lead to the state equations
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The reference sti nessD is assumed to be positive deÿnite, so that the thermodynamic force deÿned by Equation (5) is always non-negative. Condition (6) then implies that the rate of must not be negative, i.e. that can only increase or remain constant but can never decrease. Symmetry arguments lead to the condition that, in local co-ordinates for which the ÿrst axis is aligned with the crack normal n, the reference sti ness must be represented by a diagonal matrix
because, e.g. normal opening of the crack should not generate shear tractions on its faces, and sliding in a given tangential direction should not produce shear tractions in the perpendicular direction (unless the material is anisotropic). Of course, slip in the crack can a ect the normal traction (due to dilatancy), but this phenomenon is out of scope of the present damage-based model and it would have to be incorporated into a generalized version of the model through an additional inelastic strain. In view of Equation (7), the traction-separation law (4) can be written as
where t n = t · n is the normal traction transmitted by the crack, t s = t − t n n is the tangential traction, e n = e · n is the normal component of the separation vector (crack opening), and e s = e − e n n is the tangential component of the separation vector (crack sliding).
To complete the theory, it is necessary to postulate an evolution law for the compliance parameter, . Using the formalism of generalized standard materials [13] , we assume the existence of a (dual) dissipation potential * ( ; ) such thaṫ
If the potential is nonnegative, equal to zero for = 0, and convex with respect to the thermodynamic force (for any admissible value of the internal variable ), the dissipation
is guaranteed to be non-negative. Now it is necessary to specify the dissipation potential. In analogy to continuum damage models, let us deÿne a loading function f * ( ; ) such that the inequality f * ¡0 characterizes the elastic domain. If f * ¡0, the deformation process is reversible (elastic), i.e. the dissipation rate must be zero. If f * = 0, damage grows, which is accompanied by energy dissipation. For rate-independent models the damage increment is assumed to be instantaneous, and states for which f * ¿0 can never be reached. All this is re ected by a dissipation potential * ( ; ) deÿned as the indicator function [14] of the elastic domain
The indicator function is equal to zero in F and equal to inÿnity outside F . Its gradient with respect to that appears in Equation (10) must be interpreted in the sense of a subdi erential [14] . The resulting evolution law is described bẏ
along with the Kuhn-Tucker conditions, ¿0; f * 60;˙ f * = 0 (13) from which we can derive the consistency condition,
Equations (13) and (14) (16) can be called the equivalent separation (in analogy to the equivalent strain in continuum damage mechanics). Suppose that the traction-separation curve for fracture under pure Mode I has been identiÿed from experiments and described by an explicit relation t n = g(e n ). This relation should be reproduced by the constitutive law (8) , which means that the compliance parameter under monotonically increasing crack opening must satisfy the relation = F(e n ) where
Note that, for decreasing functions g(e n ) that characterize softening, F(e n ) is always an increasing function. This is closely related to the fact that the compliance parameter (inversely proportional to the slope of the line connecting the current point on the traction-separation curve with the origin) is monotonically increasing as long as the crack opening e n keeps growing. If e n drops below its maximum previously reached value, unloading takes place and the compliance parameter is temporarily frozen. The elastic domain is therefore characterized by the condition f(e n ; ) ≡ F(e n ) − 60
For the special loading path under consideration we haveẽ = e n and from Equation (15) it follows that = D nn e 2 n =2 2 . Substituting e n = 2 =D nn into (18) we obtain the expression for the loading function in terms of variables and ,
This extends the description of the elastic domain to a general mixed-mode situation, based on the assumption that the evolution of damage is driven by the thermodynamic force associated with the compliance parameter . For the actual numerical implementation it is more convenient to deal with the loading condition expressed in terms of the equivalent separation,
Since F is an increasing function, the partial derivative @f * =@ is always positive, and so˙ and˙ from Equation (12) always have the same sign. Moreover, loading functions f and f * always have the same value (for arguments corresponding to the same state). Consequently, the Kuhn-Tucker conditions (13) can be replaced by equivalent conditionṡ
As an example, consider the exponential traction-separation law,
where f t is the tensile strength and e f = G f =f t , G f being the Mode-I fracture energy. The corresponding loading function is constructed as
The evolution of normal traction t n , compliance parameter and thermodynamic force during monotonic loading under pure Mode I, is depicted in Figure 1 .
Crack closure
So far we have considered only cracks that are opening or partially closing. The model can be improved by taking into account the unilateral character of damage manifested as a sti ness recovery after a complete crack closure. The subsequent developments could be cast into the thermodynamic framework, similar to Reference [15] . For the sake of clarity we present an alternative approach, based on a direct formulation of the state and evolution laws.
It is clear that the crack faces cannot overlap, and so the normal component of the separation vector should never become negative. At the moment when the normal separation vanishes, the crack faces establish contact and become capable of transmitting compressive tractions without a further change of the normal displacement jump, e n . Note that the normal part of the tractionseparation law (8) describes only the case when e n ¿0. Upon crack closure, it has to be replaced by conditions e n = 0 and t n 60. Both cases are simultaneously covered by conditions t n − D nn e n 60; e n ¿0; t n − D nn e n e n = 0 (24) having again the Kuhn-Tucker form. For a closed crack (e n = 0), it is necessary to modify Equation (9) governing the evolution of the sliding components of the displacement jump vector.
Sliding can take place even if the crack is closed, provided that the shear traction is su ciently large to overcome the residual cohesion of the crack augmented by mobilized dry friction. For simplicity, consider ÿrst a two-dimensional model with a line crack, for which the traction and separation vectors have only one shear component, respectively denoted as t s and e s . The residual cohesive resistance in shear is the shear traction computed from the damage model (9),
In the presence of a compressive normal traction, t n ¡0, the maximum shear traction that can be transmitted by friction is
where is the coe cient of friction between the cracked surfaces. Equation (26) can be reformulated as
where : are the McAuley brackets ('positive part of '). For scalars, the positive part is deÿned as x = max(0; x). Relation (27) remains valid even in the separation mode, when t n ¿0 and −t n = 0. If the actual shear traction deviates from the cohesive shear traction t (33) and the consistency condition (31) reads
where
Comparison with other models
It is interesting to compare the present formulation with other constitutive models relating displacement jumps to tractions transmitted across a discontinuity surface or line. Phenomena such as debonding, delamination, or intergranular damage in composites and metals are often described by cohesive zone models, going back to the ideas of Dugdale [16] and Barenblatt [17] and recently developed in a modern computational framework by Needleman [18] , Tvergaard and Hutchinson [19; 20] , and Ortiz and coworkers [21] [22] [23] ]. Needleman's original model is based on an elastic potential without any internal variables, i.e. it has the character of a non-linear elastic model with a path-independent work of separation. Such simple approach is suitable only if the crack opening grows monotonically, but it fails to give reasonable results for (even partially) closing cracks. Moreover, the model has a non-zero initial compliance, which means that the displacement jump starts growing whenever non-zero tractions are applied, no matter how small they are. This is appropriate for simulations of pre-existing material interfaces (grain boundaries, matrix-inclusion interfaces, etc.) with a well-deÿned geometrical structure that can be taken into account by the ÿnite element mesh. When the aim is to simulate a crack propagating along an arbitrary path that is not known in advance, potential surfaces (or lines, in two dimensions) of decohesion must be interspersed throughout the material [24] . Their high initial sti ness has an adverse e ect on the conditioning of the global sti ness for implicit methods, or on the critical time step for explicit methods. Moreover, due to the ÿnite number of potential discontinuity segments, the crack propagation path is locally always constrained to a discrete set of directions, typically spaced by 45
• or 60
• . The present paper advocates the concept of discontinuities inserted (at the right place and with the correct orientation) when the stresses reach a certain critical level, which is certainly a more exible approach.
A cohesive zone model with a non-zero initial compliance was also used by Tvergaard and Hutchinson [20] and by Wei and Hutchinson [25] , who studied the interplay between plastic yielding in a small process zone and separation processes at an interface between two materials. They introduced a dimensionless crack separation measure that is closely related to the equivalent separationẽ used in the present paper. In fact, can be interpreted as the ratioẽ=e f where e f is a characteristic value of separation. Tvergaard and Hutchinson worked with a trilinear tractionseparation law, for which the traction transmitted by the discontinuity completely vanishes at a ÿnite value of separation. This naturally sets the length scale of the model, and e f is in this case the value of equivalent separation at which the transmitted tractions vanish. For more general laws with an asymptotic decay of the cohesive tractions, the characteristic length can be deÿned, e.g. as the separation energy divided by strength (this is the meaning of e f in the exponential law (22) ).
Ortiz [26] suggested a derivation of the traction-separation law for Mode I. from a micromechanical model based on an array of collinear microcracks. Camacho and Ortiz [21] studied fracture and fragmentation in brittle materials using a cohesive model with possible crack initiation under mixed mode. The stress-separation law was formulated for two distinct regimes, called tension and compression. However, it seems that the model was not fully consistent. For example, in the tensile regime the magnitude of shear traction depended only on the normal separation, and the sliding component of separation a ected only the sign of the shear traction. This would mean that (i) the interface does not degrade if the opening remains constant and only the sliding component increases, and (ii) the shear traction jumps from a positive value to a negative one or vice versa when the sliding component of separation changes sign. After the submission of the present manuscript, Ortiz and coworkers published new papers in which they use a similar thermodynamic framework [22] and extend it to the area of ÿnite opening displacements [23] . They work with the notion of an e ective opening displacement, which is in fact identical with the equivalent separationẽ from the present paper.
Cohesive zone models are of course intimately related to the ÿctitious crack model of Hillerborg [27] . Early applications in the area of concrete fracture were limited to Mode-I. situations. An extension to cracks and interfaces opening under mixed-mode conditions was developed, e.g. by Ä Cervenka [28] , who exploited a loading function in the space of normal and shear tractions, originally proposed by Carol and Prat [29] in the context of statically constrained microplane models. Ä Cervenka's model requires a non-zero compliance of the interface before the actual crack initiation, and therefore is not suitable for discontinuities embedded in ÿnite elements. The traction-separation laws for embedded discontinuities are usually postulated in a plasticity format [7; 10; 30-33] or constructed as extensions of the cohesive crack model to mixed-mode situations [4-6] using concepts similar to ÿxed crack versions of smeared crack models. However, plasticity-based models do not properly describe unloading of a brittle material. This problem becomes especially severe at late stages of the degradation process when the crack is stress free and, according to the plasticity theory, a reversal of the opening rate immediately generates a compressive traction, which is not physical. Models inspired by the ÿctitious crack theory are close to interface damage mechanics [7; 10; 34] , which provides a natural description of the gradual loss of integrity. In this framework, a di cult issue is a proper treatment of sti ness recovery upon complete crack closure with possible frictional sliding. Such e ects were consistently taken into account by Cangemi et al. [15] and by Chaboche and coworkers [35; 36] in the context of interface models for delamination and debonding of ÿber-matrix composites. For cracks, virtually the same approach was proposed in the internal report [37] that served as a basis of the present paper.
ELEMENT WITH EMBEDDED DISPLACEMENT DISCONTINUITY
As already alluded to in the Introduction, the kinematic representation of highly localized fracture can be substantially improved by incorporating displacement discontinuities into the ÿnite element interpolation. A historical overview and a classiÿcation of various approaches from the literature are available in Reference [12] . It is shown there that the optimal performance is achieved if the kinematic and static equations are constructed independently, based on their physical meaning. This so-called statically and kinematically optimal nonsymmetric formulation (SKON) shall be adopted here.
To the author's best knowledge, the ÿrst publication combining the 'optimal' static and kinematic equations is due to Dvorkin et al. [4] , even though this aspect was not particularly emphasized in that paper. A very similar element was constructed by Klisinski et al. [5] , based on simple and instructive physical considerations. In a later paper [8] , the same technique was applied to a constant-strain triangle. A general version of the SKON formulation for an arbitrary type of parent element was proposed in a short paper by Simo and Oliver [7] and fully described by Oliver [10] .
In the present paper, the damage-based constitutive formulation from Section 2 shall be implemented into the simple triangular element proposed by Olofsson et al. [8] . For simplicity we assume that the bulk material surrounding the discontinuity remains linear elastic and that the crack initiation is controled by the Rankine criterion of maximum principal stress.
The basic idea is that the displacement ÿeld is decomposed into a continuous part and a discontinuous part due to the opening and sliding of a crack; see Figure 2 (b). The same decomposition applies to the nodal displacements of a ÿnite element. Instead of smearing the displacement jump over the area of the element and replacing it by an equivalent inelastic strain, as is done by standard smeared crack models (Figure 2(c) ), we represent the discontinuity by additional degrees of freedom collected in a column matrix e. The e ect of crack opening and sliding is then subtracted from the nodal displacement vector, d = {u 1 ; v 1 ; u 2 ; v 2 ; u 3 ; v 3 } T , and only the nodal displacements due to the continuous deformation serve as the input for the evaluation of strains in the bulk material, U; see Figure 2 
(d). This leads to the kinematic equations in the form
U = B(d − He)(36)
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where B is the standard strain-displacement matrix, and H is a matrix re ecting the e ect of crack opening on the nodal displacements. In the context of ÿnite elements we make use of the engineering notation, i.e. the bold Greek letters A and U now denote column matrices A = { x ; y ; xy } T and U = { x ; y ; xy } T instead of second-order tensors. In general, the displacement jump is approximated by a suitable function, for example a polynomial one. It is easy to show that the approximation need not be continuous. For triangular elements with linear displacement interpolation, the strains and stresses in the bulk are constant in each element, and so it is natural to approximate the displacement jump also by a piecewise constant function. In each element, the jump is described by its normal (opening) component, e n , and tangential (sliding) component, e s ; see Figure 2 (b). These additional degrees of freedom have an internal character and can be eliminated on the element level, which means that the global equilibrium equations are written exclusively in terms of the standard unknowns-nodal displacements. From Figure 2(d) it is clear that the crack-e ect matrix is given by
provided that the discontinuity line separates node 3 from nodes 1 and 2 (in local numbering). In Equation (37), c = cos and s = sin , where is the angle between the normal to the crack and the global x-axis; see Figure 2 (a).
Strains in the bulk material generate certain stresses, A, which are here computed from the equations of linear elasticity,
but in general the constitutive law for the bulk material could be non-linear. The tractions transmitted by the crack (damaging surface), t, can be computed from the displacement jump using the traction-separation law from the preceding section. Recall the constitutive relation for an opening or partially closing crack,
and the evolution law for the compliance parameter, described by the loading=unloading conditions (21) . The stresses in the bulk and the tractions across the crack must satisfy certain conditions that express internal equilibrium and serve as static equations associated with the internal degrees of freedom, e. The most natural requirement is that the traction vector be equal to the stress tensor contracted with the crack normal, similar to static boundary conditions. This internal equilibrium (traction continuity) condition can be derived from equilibrium of an elementary triangle with one side on the discontinuity line; see Figure 2 (e). In the engineering notation the traction continuity condition reads where
is a stress rotation matrix. For linear triangles, both t and A are constant in each element, and so condition (40) can be satisÿed exactly. In general, it would have to be enforced in a weak sense. Finally, the nodal forces are evaluated from the standard relation
where A e is the area of the element. The structure of the basic equations describing a CST element with an embedded displacement discontinuity is schematically depicted in Figure 3 . Each arrow leads from a certain 'source' to a 'receiver' and is associated with a transformation of the source. Dashed arrows indicate that the transformed source is added to the receiver, while solid arrows mean that the transformed source is equal to the receiver.
Substituting into the traction continuity condition (40) Equations (38) and (36), we obtain a useful expression for the traction vector in terms of the kinematic variables,
where we have denoted
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Comparing Equation (43) with Equation (39), we obtain after simple manipulations
Combined with the evolution equation for the compliance parameter , Equation (45) makes it possible to express the separation vector in terms of the nodal displacements and eliminate it from the formulation.
NUMERICAL PROCEDURE
In this section, we will develop numerical algorithms needed for the implementation of a CST element with an embedded crack (alias strong discontinuity). In Sections 4.1-4.3 we restrict our attention to the case of an opening or partially closing crack. Numerical treatment of a closed crack will be discussed in Section 4.4.
Algorithm for evaluation of internal forces
Suppose that the values of all variables at the end of a certain computational step number n are prescribed, and our task is to calculate their values at the end of the subsequent step number n + 1. The value after a step will be labelled by a superscript with the step number in parentheses. The approximations of nodal displacements d (n+1) are supplied by the iterative solution of the global equilibrium equations, and during each evaluation of the element nodal forces they can be considered as given. Before crack initiation, it su ces to compute the stresses from the equations valid for linear elasticity,
and then check the crack initiation condition, formulated here as the simple Rankine criterion, 1 = f t , where 1 is the maximum principal stress and f t is the tensile strength. The direction of maximum principal stress at crack initiation provides the normal to the discontinuity, n, and also determines the matrices P and H that depend on the crack orientation. After crack initiation, relations (45) written at the end of step n+1 contain only the crack opening parameters e (n+1) and the compliance parameter (n+1) as basic unknowns and, when supplemented by the loading=unloading conditions (21), they provide a su cient number of equations for the determination of the unknowns. Let us summarize the conditions that must be satisÿed at the end of the step:
As in standard stress return algorithms of computational plasticity, we ÿrst assume that the process is reversible, i.e., the compliance parameter does not grow. This means that we tentatively set (n+1) = (n) and compute e (n+1) from Equation (47). If the solution satisÿes condition (48) it is admissible, otherwise the compliance parameter must grow and condition (48) must be satisÿed with an equality sign. In that case the algorithm continues by an iterative procedure, exploiting the trial values from the elastic step as initial approximations of e (n+1) and (n+1) . When using the Newton-Raphson solution technique, we linearize the governing equations around the most recent approximation of the solution and then solve for the corrections of the unknown variables. Denoting the current approximations by e and and their corrections by e and , and taking into account the special form of the loading function (20), we can write the linearized equations as
where F = F(ẽ( e)) and
evaluated at e = e. Using Equation (52), the correction can be conveniently expressed in terms of e and subsequently eliminated from Equation (51). Alternatively, one can replace (n+1) in Equation (47) by F(ẽ(e (n+1) )) and then linearize with respect to e. Both approaches lead to the same equation,
where = F(ẽ( e)), so that the equation f(ẽ( e); ) ≡ F(ẽ( e)) − = 0 is satisÿed identically. Note the physical meaning of certain terms in Equation (54). The vector A(d (n+1) − H e) = t is the traction vector evaluated by projecting the bulk stresses whileD e= = t e is the traction vector evaluated from the traction-separation law. With this notation, Equation (54) can be rewritten as
Repeated solution of Equation (55) followed by updates e ← e + e and ← F(ẽ( e)) generates a sequence of approximations e that converges to the desired value e (n+1) , unless the step is too large and the process diverges. In the case of divergence it is usually su cient to apply the increment of the nodal displacements in several smaller substeps.
At late stages of the degradation process, the compliance parameter assumes extremely large values. Robustness of the algorithm is increased if Equation (47) is divided by (n+1) and condition (48), which originally reads F(ẽ(e (n+1) ))− (n+1) 60, is reformulated as F * (ẽ(e (n+1) ))−1= (n+1) ¿0 where F * (ẽ) = 1=F(ẽ). Instead of the compliance parameter itself, we can deal with its inverse value * = 1= , which does not blow up but tends to zero. After linearization of the governing equations we obtain
in which f * is the gradient @F * =@e evaluated at e = e. The right-hand side of Equation (56) can be identiÿed as the di erence t − t e between the traction vectors, respectively, evaluated by projecting the stresses and by applying the traction-separation law. Equation (56) is in fact Equation (55) divided by , with − t f T = replaced byD e f * T . Since
the matrix − t f T = = t f * T di ers fromD e f * T = t e f * T only by the technique used for evaluation of the tractions, t.
Adopting the modiÿed solution strategy based on the inverse of the compliance parameter rather than on the compliance parameter itself is especially important for models which consider the crack to be completely stress-free at a ÿnite value of separation. For example, for a linear tractionseparation curve we have
where e f is the value of opening at which the traction completely vanishes. Consequently, the function
is properly deÿned only forẽ ¡ e f while outside this domain it should have an inÿnite value. On the other hand, the reciprocal function is conveniently deÿned as
The gradient f * remains bounded asẽ approaches e f , and it vanishes forẽ¿e f . Thus, after complete separation of the crack faces, Equation (56) reduces to
If the element size is below a certain critical value, the matrix AH is regular, and Equations (61) have a unique solution. Thus the algorithm based on Equation (56) is applicable even to a completely stress-free crack.
Element sti ness matrix
The tangent sti ness of an element with embedded discontinuity can be constructed by expressing the separation rate in terms of the displacement rate and substituting into the rate form of the basic equations introduced in Section 3. Di erentiation of Equation (45) leads to the rate equations
For growing damage we haveḟ = f Tė −˙ = 0, and substituting˙ = f Tė into Equation (62) it is possible to express the separation ratė
The rate of nodal forces is now obtained from the rate form of Equations (36), (38), and (42) aṡ
is the elastic element sti ness matrix, and I is the unit matrix. Recognizing A(He − d) as minus the traction vector, we can present the tangent element sti ness matrix in the form
An alternative expression, useful at late stages of the degradation process when the compliance parameter has a large or even inÿnite value, would be
where * = 1= is the inverse of the compliance parameter. If damage does not grow (the crack is unloading), we have to repeat the derivation with˙ = 0 instead of˙ = f Tė . Formulae (66) and (67), respectively, reduce to
and
For the present model, there is no di erence between the sti ness matrix derived by di erentiation of the constitutive equations ('continuum' sti ness) and the one derived by di erentiation of the numerical algorithm ('algorithmic' or 'consistent' sti ness). The reason is that, due to the explicit nature of the damage model, the algorithm does not involve any approximation of a time rate by a ÿnite di erence expression. For the same reason, the algorithm is insensitive to the size of the applied increment, provided that the type of process (loading or unloading) remains the same.
Singular case-onset of cracking
Special attention should be paid to the evaluation of the element response in the ÿrst inelastic step, i.e. immediately after crack initiation. The elastic predictor gives e = 0, but at this point the gradient
has a singularity. Di erentiating F(ẽ) = D nnẽ =g(ẽ) we obtain
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The vector C = e=ẽ remains bounded as e tends to the zero vector but there exists no unique limit. Nevertheless, we will show that the value of f for e = 0, in the following denoted as f 0 , can be deÿned such that the response of the model at the instant of crack initiation remains unique. First, note that for any e = 0 the vector C satisÿes the normalizing condition
and that for e → 0 expression (71) tends to D nn =g(0). To preserve continuity, we look for f at e = 0 in the form
where C 0 is an unknown vector satisfying the normalizing condition
Second, consider the rate equations (62). Substituting the values at crack initiation, e = 0, = 0, = f 
Vector C 0 , characterizing the initial direction of separation rateė, is the solution of Equations (75) and (77). Geometrically, Equation (75) corresponds to an ellipsoid and Equation (77) 
The structure of the left-hand side of Equation (79) 
During monotonic loading, = F(ẽ) = D nnẽ =g(ẽ), and sot = g(ẽ). Condition (79) can now be interpreted as the requirement of consistency between the crack initiation criterion and the softening law. In the simplest version of the model, g can be taken as a given function with ÿxed parameters, independent of mode mixity at crack initiation. In that case, g(0) = f t = uniaxial tensile strength, and the choice of the reference sti nessD immediately gives the initiation criterion, which must read
Such criterion is represented by an ellipsoid in the space of tractions t. This would be too restrictive. However, it is also possible to generalize the model and adjust the parameters that control the softening function g depending on the stress state at crack initiation. The initiation criterion is then postulated independently, but the deÿnition of g must be such that g(0) is equal to the equivalent traction at crack initiation,t 0 . Such generalized model can accommodate di erent values of fracture energy for di erent fracture modes. From the computational point of view, it is essential that condition (79) guarantees a unique solution C 0 of Equations (75) and (77). This means that, at e = 0 (crack initiation), the vector f 0 =DC 0 =g(0) = D nn t 0 =g 2 (0) plays the role of the gradient f. Equations (54) for the crack opening corrections e can now be set up even at the instant of crack initiation-we simply substitute f 0 for f. In subsequent iterations, e is already non-zero and f can be evaluated from Equation (70).
Numerical treatment of closed crack
All numerical algorithms presented so far have considered a crack that remains at least partially open. If the model takes into account the sti ness recovery after a complete crack closure (as discussed in Section 2.2), it is necessary to check whether the converged separation vector has a positive normal component. When a negative value of e n is detected, the crack is closed, and a di erent algorithm must be applied. Most equations from Section 3 remain valid but the constitutive relation (39) must be replaced by e n = 0 and Equations (29) and (30) .
Numerical treatment of a closed crack always starts from the assumption that the crack separation vector e remains constant. This corresponds to the 'sticking' mode, in which the crack surfaces are in contact and do not experience any relative motion. Setting e = {0; e (n) s } T and = (n) , we can evaluate the trial tractions according to Equation (43) as completely stress-free crack, or a closed crack. Numerical examples are presented in the companion paper.
The model just presented should be understood as an initial point of departure. A number of possible improvements and reÿnements could be added. For example, a positive normal separation rate could be induced by the sliding process, which would re ect dilatancy due to crack tortuosity; the separation vector could have an irreversible part; or the friction coe cient could vary as the sliding process continues. However, the model formulated here re ects the most essential aspects of the behaviour of a macroscopic crack, while remaining su ciently simple from the practical point of view.
